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Adaptive Control of Multiagent
Systems for Finding Peaks of
Uncertain Static Fields
In this paper, we design and analyze a class of multiagent systems that locate peaks of
uncertain static fields in a distributed and scalable manner. The scalar field of interest is
assumed to be generated by a radial basis function network. Our distributed coordination
algorithms for multiagent systems build on techniques from adaptive control. Each agent
is driven by swarming and gradient ascent efforts based on its own recursively estimated
field via locally collected measurements by itself and its neighboring agents. The conver-
gence properties of the proposed multiagent systems are analyzed. We also propose a
sampling scheme to facilitate the convergence. We provide simulation results by applying
our proposed algorithms to nonholonomic differentially driven mobile robots. The exten-
sive simulation results match well with the predicted behaviors from the convergence
analysis and illustrate the usefulness of the proposed coordination and sampling algo-
rithms. [DOI: 10.1115/1.4006369]

Keywords: multiagent systems, cooperative control, adaptive control

1 Introduction

In recent years, due to significant progress in sensing, commu-
nication, and embedded-system technologies, many research
activities have been focused on the areas of mobile sensor net-
works and multiagent systems [1–6]. A mobile sensor network
usually forms an ad hoc wireless communication network in
which each agent shares information with neighboring agents
within a short communication range, with limited memory and
computational power. In order to achieve a global goal such as ex-
ploration, surveillance, and environmental monitoring, mobile
sensing agents require distributed coordination to deal with uncer-
tain environments. Although each agent has limited capabilities,
as a group, the multiagent system may perform various tasks at a
level, which is compatible to a small number of high-end mobile
agents.

For multiagent systems with limited resources, having scalable
and distributed coordination algorithms using only local informa-
tion from local neighboring agents is very useful in many aspects
[1–6]. For example, such algorithms and their complexity will not
change as the number of robotic sensors changes in space and
time.

In Ref. [4], decentralized and adaptive control algorithms have
been proposed for networks of robots to converge to optimal sens-
ing configurations while simultaneously learning the distribution
of sensory information in the environment.

Olfati-Saber [2] developed comprehensive analysis of the flock-
ing algorithm. Such collective swarm behaviors are known to be
the outcomes of natural optimization [7]. A flocking algorithm has
been used to move mobile sensor networks in groups [5].

Among many problems in coordinating robotic sensors, finding
peaks of a scalar field of interest has attracted much attention of
control engineers [5,8]. This is due to numerous applications of
tracking toxins by robotic sensors in uncertain environments.
Such demand also exists in environmental monitoring where a
dominant method for measuring environmental variables (e.g.,
biomass of harmful algal blooms) is still manual sampling

followed by laboratory analysis. The detrimental effects of harm-
ful environmental variables can be seen from satellite images in a
large scale with a low resolution. For example, Figs. 1(a) and 1(b)
show the dead zone created by harmful algal blooms and the oil
slick in the Gulf of Mexico, respectively.

The cooperative network of agents that performs adaptive gra-
dient climbing in a spatial environmental field was presented in
Ref. [8]. The centralized network can adapt its configuration in
response to the sensed environment in order to optimize its gradi-
ent climb.

In Ref. [5], distributed learning and control algorithms are pro-
posed to be executed by each agent independently to estimate a
scalar field of interest from noisy measurements and to coordinate
multiple agents in a distributed manner to discover peaks of the
field. In analyzing convergence properties, the estimation error
dynamics have been averaged out under sufficient conditions and
so only the ODE of the controlled multiagent system dynamics
was considered. However, if the parameter estimation error dy-
namics cannot be averaged out (e.g., deterministic case), the
closed-loop dynamics including error dynamics need to be
analyzed.

The objective of this paper is to synthesize scalable and distrib-
uted coordination algorithms such that the multiagent system esti-
mates the field and locates peaks of the field in a collective
manner. Moreover, convergence properties of the proposed coor-
dination algorithms need to be analyzed and the conditions for
which the convergence is guaranteed need to be identified.

To this end, in this paper, we design and analyze a class of mul-
tiagent systems that locate peaks of static scalar fields in a distrib-
uted and scalable manner. Our approach shares the viewpoint of
adaptive control. The scalar field of interest is assumed to be gen-
erated by a radial basis function network (Sec. 3). We use the
flocking algorithm for robotic sensors to make spatially distrib-
uted sampling and to maintain communication connectivity (Sec.
4.1). The proposed distributed adaptive control consists of the
swarming effort and the gradient ascent motion control based on
the recursively estimated field (Sec. 4.2). The associated recursive
estimation laws have been developed using gradient-based and re-
cursive least squares (RLS) algorithms. In contrast to Ref. [5], the
closed-loop dynamics combining the motion control of the multi-
agent system and the parameter estimation error dynamics under
proposed strategies have been analyzed (Sec. 4.4). A set of
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sufficient conditions for which the convergence of the closed-loop
multiagent system is achieved has been provided. To facilitate the
successful convergence, we provide an additional scalable and
distributed sampling strategy that keeps selective past measure-
ments (Sec. 5). We also provide simulation results by applying
our proposed algorithms to fully actuated nonholonomic differen-
tially driven mobile robots under different conditions. The exten-
sive simulation study illustrates the effectiveness of the proposed
schemes (Sec. 6).

Standard notation will be used throughout the paper. Let
R;R�0;R>0 denote, the set of real, non-negative real, and posi-
tive real, respectively. The positive definiteness (respectively,
semidefiniteness) of a matrix A is denoted by A � 0 (respectively,
A � 0). In 2 Rn�n denotes the identity matrix of size n. 1n 2 Rn

denotes the column vector of size n whose elements are 1. jNj
denotes the cardinality of the set N. For column vectors va 2 Ra,

vb 2 Rb, and vc 2 Rc, colðva; vb; vcÞ :¼ vT
a vT

b vT
c

� �T
2 Raþbþc stacks all vectors to create one column vector. kvk
denotes the Euclidean norm (or the vector 2-norm) of a vector
v 2 Rn. diag (A, B) denotes the (generalized) block diagonal ma-

trix of A 2 Ra�m, B 2 Rb�n and is denoted by

diagðA;BÞ ¼ A 0

0 B

� �
2 RðaþbÞ�ðmþnÞ. Other notation will be

explained in due course.

2 Multiagent Systems

In this section, we describe the multiagent system regarding its
individual dynamics and limited communication capability in
Secs. 2.1 and 2.2, respectively.

2.1 Individual Dynamics. We assume that n sensing agents
are distributed over the surveillance region Q � R2. Q is assumed to
be a convex and compact set. The identity of each agent is indexed
by I :¼ f1; 2;…; ng. Let qi(t) [ Q be the location of the
sensor attached to agent i at time t 2 R�0. Let q :¼ col
ðq1; q2;…; qnÞ 2 R2n be the configuration of the multiagent system.

Consider a collection of multiple agents, each of which is a
nonholonomic differentially driven mobile agent as shown in
Fig. 2. In this case, the equations of motion for mobile agent i
[3,9] may be given by

_rxiðtÞ
_ryiðtÞ
_wiðtÞ
_viðtÞ
_xiðtÞ

2
66664

3
77775 ¼

vi cos wiðtÞ
vi sin wiðtÞ

xiðtÞ
0

0

2
66664

3
77775þ

0 0

0 0

0 0
1

mi
0

0
1

Ji

2
666666664

3
777777775

FiðtÞ
siðtÞ

� �
(1)

where ri¼ [rxi, ryi]
T and wi denote the inertial position and the ori-

entation of agent i, respectively. vi and xi are linear and angular
speeds, respectively. Fi and si denote force and torque inputs,
respectively. mi and Ji are the mass and the moment of inertia,
respectively. In this paper, we need to control the sensor location.
Let the sensor location be at a point that is on a center line perpen-
dicular to the wheel axis and is ‘i distance away from the wheel
axis, i.e., kqi(t)� ri(t)k¼ ‘i as shown in Fig. 2. The sensor location
can be described by

qiðtÞ ¼ riðtÞ þ ‘i
cos wiðtÞ
sin wiðtÞ

� �
(2)

By differentiating qi(t) twice with respect to time t, we obtain

€qiðtÞ ¼
�viðtÞxiðtÞ sin wiðtÞ � ‘ix2

i ðtÞ cos wiðtÞ
viðtÞxiðtÞ cos wiðtÞ � ‘ix2

i ðtÞ sin wiðtÞ

" #

þ

1

mi
cos wiðtÞ �

‘i

Ji
sin wiðtÞ

1

mi
sin wiðtÞ

‘i

Ji
cos wiðtÞ

2
664

3
775 FiðtÞ

siðtÞ

� �

¼: AðtÞ þ BðtÞ
FiðtÞ
siðtÞ

� �
(3)

Since B(t) is nonsingular as long as kqi(t)� ri(t)k¼ ‘i= 0, we can
perform the output feedback linearization at the sensor location

Fig. 1 (a) Dead zone created by algal blooms in the Gulf of Mexico (NASA). (b) The oil slick as
seen from space by NASA’s Terra satellite on May 24, 2010 (Photo courtesy of NASA).

Fig. 2 The position of the sensor and states of robot i
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qi(t) using the output feedback linearizing control [9] given as
follows

FiðtÞ
siðtÞ

� �
¼ B�1ðtÞ � uiðtÞ � AðtÞð Þ (4)

With this feedback linearizing control in Eq. (4) being applied to
Eq. (3), we obtain that €qiðtÞ ¼ uiðtÞ. It can be shown that the zero
dynamics are stable [9] and differentiating Eq. (2) shows that
xi(t)! 0 and vi(t)! 0 as _qiðtÞ ! 0.

There exists a large class of vehicle models [10,11] that can be
output feedback linearized with respect to the sensor location to
obtain the similar result.

Therefore, without loss of generality, we assume that the sensor
location dynamics of agent i is given by

_qiðtÞ ¼ piðtÞ; _piðtÞ ¼ uiðtÞ (5)

where pi(t) is the velocity of agent i and ui(t) is the input of agent
i. For the case of the nonholonomic model described in Eq. (1),
the proposed control ui(t) in this paper can be implemented by
Fi(t) and si(t), which are obtained by plugging ui(t) in Eq. (4).

2.2 Limited Communication Capability. We assume that
each agent can communicate with its neighboring agents within a
limited transmission range, which is given by a radius of r. This
limited communication among agents can be modeled by an
undirected graph with edges, i.e., GðqÞ :¼ ðI; EðqÞÞ, where an
edge ði; jÞ 2 EðqÞ if and only if kqi(t)� qj(t)k � r. The neighbor-
hood of agent i with a configuration of q is defined by
Nði; qÞ :¼ fj 2 I j ði; jÞ 2 EðqÞg. We often use N i instead of using

Nði; qÞ for notational simplicity. We define N i as the union of

index i and indices of its neighbors, i.e., N i :¼ fig [ N i. We use
the adjacency matrix A:¼ [aij] of the undirected graph G as
defined in Ref. [1]. Note that A :¼ [aij] is symmetrical. The ele-
ment aij of adjacency matrix is defined as aij :¼ rw(e� dij), with

rwðyÞ ¼ 1
1þe�wy, where dij is a distance between neighboring agent

j and agent i itself, rw is the sigmoid function with constants
w> 0 and e> 0. The scalar graph Laplacian L ¼ ½lij	 2 Rn�n is a
matrix defined as L :¼ D(A)�A, where D(A) is a diagonal matrix
given by, i.e., DðAÞ :¼ diagð

Pn
j¼1 aijÞ. The Laplacian matrix L

has an eigenvector of 1n ¼ ½1;…; 1	T associated with a zero eigen-
value, i.e., L1n¼ 0. The two-dimensional graph Laplacian is

defined as L̂2 :¼ L
 I2, where 
 is the Kronecker product.

3 Static Scalar Environmental Field

When the dynamics of the environmental scalar field are
much slower (e.g., biomass of harmful algae blooms) than those
of mobile agents, we may consider that the scalar field is static
for the purpose of finding peaks. Suppose that the scalar environ-
mental field l(�) is generated by a network of radial basis func-
tions [5]

lð�Þ ¼
Xm

j¼1

/jð�Þhj ¼ /Tð�Þh (6)

where /T(�) and h are defined respectively by

/Tð�Þ ¼ /1ð�Þ /2ð�Þ � � � /mð�Þ½ 	 2 R1�m;

h ¼ h1 h2 � � � hm
� �T 2 Rm�1

(7)

Gaussian radial basis functions /j(�) are given by

/jð�Þ ¼
1

bj

exp
� � � nj

�� ��2

r2
j

 !
; 8j 2 M (8)

where M :¼ f1;…;mg, rj is the width of the Gaussian basis func-
tion, and bj is a normalizing constant. Centers of basis functions
fnjjj [ Mg are assumed to be uniformly distributed in the surveil-
lance region Q.

We will use the gradient ascent control based on the estimated
gradient of l(q) to find peaks. To this end, we introduce some
notations. The partial derivative of /ðxÞ 2 Rm�1 with respect to
x 2 R2�1 evaluated at x* is denoted by /0(x*) and is given as
follows

/0ðx�Þ :¼ @/ðxÞ
@x

����
x¼x�
2 Rm�2

Using Eq. (6), the gradient of the field at qi can be obtained in
terms of h

rlðqiÞ ¼
@lðxÞ
@x

����
x¼qi

¼ @/
TðxÞ
@x

����
x¼qi

h ¼ /0
TðqiÞh 2 R2�1

The estimate ofrl(qi) based on ĥ is denoted by rl̂ðqiÞ.

4 Coordination Algorithms

For agents to make distributed sampling and to maintain the
connectivity, a flocking algorithm, as described in Sec. 4.1, will
be applied. The overall distributed adaptive control is proposed in
Sec. 4.2 based on recursive scalar field estimators. The collective
closed-loop multiagent system is formulated in Sec. 4.3. Finally,
convergence properties of the multiagent system under the pro-
posed strategies are analyzed in Sec. 4.4.

4.1 A Distributed Flocking Algorithm. In order for multi-
ple agents to sample a scalar field at spatially distributed locations
simultaneously, a group of mobile agents will be coordinated by a
flocking algorithm [2,5]. In addition, swarming or flocking behav-
ior helps to maintain the communication graph connected among
the group of agents. The algorithm consists of the three flocking
rules: cohesion: try to stay close to neighbors; separation: avoid
collisions with neighbors; and alignment: try to match velocity
with neighbors.

We use attractive and repulsive potential functions similar to
ones used in Refs. [2,5] to achieve flocking rules of cohesion
and separation. Toward this end, we use a collective potential
function [5]

U1ðqÞ ¼
X

i

X
j2Nði;qÞ;j6¼i

UijðrijÞ (9)

where rij :¼ kqi� qjk2. The pairwise attractive=repulsive potential
function Uij(�) in Eq. (9) is defined by

UijðrijÞ :¼ 1

2
lnðaþ rijÞ þ

aþ d2

aþ rij

� 	
; if rij < d2

0

otherwise (i.e., rij � d2
0), it is defined according to the gradient of the

potential, which will be described shortly. Here, ln(x) denotes the
natural logarithm of x to the base e. a; d 2 R>0 and d< d0. The gra-
dient of the potential with respect to qi for agent i is given by

rU1ðqiÞ :¼ @U1ðqÞ
@~qi

����
~qi¼qi

¼
X
j6¼i

@UijðrÞ
@r

����
r¼rij

ðqi � qjÞ

¼

P
j6¼i

ðrij � d2Þðqi � qjÞ
ðaþ rijÞ2

if rij < d2
0

P
j6¼i

q
ffiffiffi
rij
p �d0

jd1�d0 j

� � d2
0 � d2

�� ��
ðaþd2

0
Þ2
ðqi � qjÞ if rij � d2

0

8>>>><
>>>>:

where q : R�0 ! ½0; 1	 is the bump function [2]
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qðzÞ :¼
1; z 2 ½0; hÞ;
1

2
1þ cos p

ðz� hÞ
ð1� hÞ

� 	� �
; z 2 ½h; 1	;

0; otherwise

8><
>:

A potential U2 [5] is also used to model the environment. U2

enforces each agent to stay inside the closed and connected sur-
veillance region in Q and prevents collisions with obstacles in Q.
We construct U2 such that it is radially unbounded in q, i.e., U2(q)
! 1 as kqk ! 1. This condition will be used for making a
Lyapunov function candidate radially unbounded. Define the total
artificial potential by

UðqÞ :¼ k1U1ðqÞ þ k2U2ðqÞ (10)

where k1; k2 2 R>0 are weighting factors.
The flocking rule of alignment will be implemented by adding

velocity consensus that minimizes a quadratic disagreement func-

tion. The quadratic disagreement function WG : R2n ! R�0 is
used to evaluate the group disagreement in the network of agents

WGðpÞ :¼ 1
4

P
ði;jÞ2EðqÞ aij kpj � pi k2, where p :¼ colðp1; p2;…;pnÞ

2R2n. The disagreement function [2,12] can be expressed via the

Laplacian L̂2 :WGðpÞ¼ 1
2
pTL̂2p, and hence the gradient of WG(p)

with respect to p is given by rWGðpÞ¼ L̂2p.

4.2 Distributed Adaptive Control. In this subsection, we
propose a distributed adaptive control algorithm. The adaptive
control law for each agent will be generated using only local in-
formation from neighboring agents. Recall that the dynamics of
agent i in Eq. (5) is given by _qiðtÞ ¼ piðtÞ, _piðtÞ ¼ uiðtÞ, where
ui(t) is the input of agent i. The control input ui(t) is then proposed
as follows

uiðtÞ ¼ �rUðqiðtÞÞ � rWGðpiðtÞÞ � kdi
piðtÞ

þ k4/
0TðqiðtÞÞĥiðtÞ (11)

where the first two terms of the right-hand side of Eq. (11) provide
the swarming effort as discussed in Sec. 4.1. The third term in
Eq. (11) provides damping. ĥiðtÞ is the estimate of h(t) by agent i
using a recursive parameter estimation algorithm. In what follows,
two of such adaptation laws are proposed.

To achieve a consensus between estimates, the gradient of the
disagreement function at ĥiðtÞ will be used in the adaptation laws,
which is given by

rWGðĥiðtÞÞ ¼
X
j2N i

aijðqðtÞÞðĥiðtÞ � ĥjðtÞÞ

Here, the quadratic disagreement function WGðĥdðtÞÞ :
Rmn ! R�0 is defined as

WGðĥdðtÞÞ ¼
1

4

X
ði;jÞ2EðqÞ

aij k ĥjðtÞ � ĥiðtÞk2

¼ 1

2
ĥT

d ðtÞL̂mĥdðtÞ

where L̂m ¼ L
 Im, and ĥdðtÞ ¼ colðĥ1ðtÞ;…; ĥnðtÞÞ.
To develop recursive estimators, the error vector ei(t) of agent i

between the estimated values and measured values is defined by

eiðtÞ :¼ �

l̂iðqiðtÞÞ � lðqiðtÞÞ
l̂iðqjðtÞÞ � lðqjðtÞÞ

..

.

l̂iðqkðtÞÞ � lðqkðtÞÞ

2
6664

3
7775

where j;…; k 2 N i, and the estimate of l(�) at � in Eq. (6) by
agent i is denoted by l̂ið�Þ and is given as l̂ið�Þ :¼ /Tð�ÞĥiðtÞ. In
addition, ei(t) can be rewritten by

eiðtÞ ¼ �

/TðqiðtÞÞ~hiðtÞ
/TðqjðtÞÞ~hiðtÞ

..

.

/TðqkðtÞÞ~hiðtÞ

2
6666664

3
7777775
¼ �UiðtÞ~hiðtÞ

where ~hiðtÞ :¼ ĥiðtÞ � h and

UiðtÞ :¼ /ðqiðtÞÞ /ðqjðtÞÞ … /ðqkðtÞÞ½ 	T 2 RjN ij�m

With the aforementioned notations, we propose that agent i
updates ĥiðtÞ based on the following two adaptation laws.

Using the gradient-based estimator, ĥiðtÞ is updated by the fol-
lowing adaptation law

_̂hiðtÞ ¼ ciU
T
i ðtÞeiðtÞ � cik4/

0ðqiðtÞÞpiðtÞ
� k6cirWGðĥiðtÞÞ (12)

where ci is the estimation gain and k6 is a consensus gain for pa-
rameter estimates.

Using the recursive least squares (RLS) estimator, ĥiðtÞ is
updated as follows

_̂hiðtÞ ¼ PiU
T
i ðtÞeiðtÞ � Pik4/

0ðqiðtÞÞpiðtÞ
� k6PirWGðĥiðtÞÞ;

_PiðtÞ ¼ �PiðtÞUT
i ðtÞUiðtÞPiðtÞ

(13)

where Pi(t) is defined by

PiðtÞ :¼
ðt

0

UT
i ðsÞUiðsÞds

� 	�1

2 Rm�m

4.3 Collective Dynamics of All Agents. In this subsection,
we derive the collective dynamics of all agents under the
proposed coordination algorithms using a collective cost function.
The collective cost function Cd(q(t)) for all agents is defined by

CdðqðtÞÞ :¼ k4

X
i2I

½lmax � lðqiðtÞÞ	 ¼ k4

X
i2I

½lmax � /TðqiðtÞÞh	

Hence, the collective estimate of Cd(q(t)) by all agents at time t is
ĈdðqðtÞÞ and is given by

ĈdðqðtÞÞ ¼ k4

X
i2I

½lmax� l̂iðqiðtÞÞ	 ¼ k4

X
i2I

½lmax�/TðqiðtÞÞĥiðtÞ	

The gradient of Cd at q(t) is given by

rCdðqðtÞÞ ¼ �k4

/0Tðq1ðtÞÞ
/0Tðq2ðtÞÞ

..

.

/0TðqnðtÞÞ

2
6664

3
7775h ¼ �AdðtÞhd

where hd :¼ 1n 
 h and Ad(t) is defined by

AdðtÞ :¼ k4diagð/0Tðq1ðtÞÞ;…;/0TðqnðtÞÞÞ 2 R2n�mn

The collective estimate of rCd(q(t)) by all agents is denoted by
rĈdðqðtÞÞ and is given by
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rĈdðqðtÞÞ ¼ �k4

/0Tðq1ðtÞÞĥ1ðtÞ
..
.

/0TðqnðtÞÞĥnðtÞ

2
64

3
75 ¼ �AdðtÞĥdðtÞ

The collective dynamics of all agents from Eqs. (5) and (11) are
given by

_qðtÞ ¼ pðtÞ;
_pðtÞ ¼ �rUðqðtÞÞ � rWGðpðtÞÞ � KdpðtÞ

� rĈdðqðtÞÞ
(14)

where qðtÞ ¼ colðq1ðtÞ;…; qnðtÞÞ, and pðtÞ ¼ colðp1ðtÞ;…; pnðtÞÞ.
The collective version of the adaptive law in Eq. (12) for all

agents is given by

_̂hdðtÞ ¼ CdU
T
d ðtÞedðtÞ � CdAT

d ðtÞpðtÞ � CdL̂mĥdðtÞ (15)

where Cd¼C 
 Im and C ¼ CT � 0 is the diagonal matrix given
by C ¼ diagðc1;…; cnÞ. The collective error ed(t) is defined and
expressed as follows

edðtÞ :¼
e1ðtÞ

..

.

enðtÞ

2
64

3
75 ¼ �U1ðtÞ~h1ðtÞ

..

.

�UnðtÞ~hnðtÞ

2
64

3
75 ¼ �UdðtÞ~hdðtÞ (16)

where UdðtÞ :¼ diagðU1ðtÞ;…;UnðtÞÞ 2 R

P
i2I
jN i jð Þ�mn

. Note that
L̂mĥdðtÞ ¼ L̂m

~hdðtÞ in Eq. (15), where ~hdðtÞ :¼ ĥdðtÞ � hd .
On the other hand, the collective version of the adaptive law in

Eq. (13) for all agents is given by

_̂hdðtÞ ¼ �PdðtÞUT
d ðtÞUdðtÞ~hdðtÞ

� PdðtÞAT
d ðtÞpðtÞ � PdðtÞL̂mĥdðtÞ;

_PdðtÞ ¼ �PdðtÞUT
d ðtÞUdðtÞPdðtÞ

(17)

where Pd(t) is defined by PdðtÞ :¼ diag
ðP1ðtÞ;…;PnðtÞÞ 2 Rmn�mn.

4.4 Convergence Analysis. In this section, we present the
results for convergence properties of the proposed multiagent sys-
tems. To this end, we define the global performance cost function
of the multiagent system with the gradient-based algorithm in
Eq. (15) as follows

VdðqðtÞ; pðtÞ; ~hdðtÞÞ :¼ UðqðtÞÞ þ pTðtÞpðtÞ
2

þ CdðqðtÞÞ þ
~hT

d ðtÞC�1
d

~hdðtÞ
2

(18)

Recall that ~hdðtÞ ¼ colð~h1ðtÞ;…; ~hnðtÞÞ is the estimation error

vector defined by ~hdðtÞ :¼ ĥdðtÞ � hd. The global performance

cost function for the RLS algorithm in Eq. (17) is defined by

VdðqðtÞ; pðtÞ; ~hdðtÞÞ :¼ UðqðtÞÞ þ pTðtÞpðtÞ
2

þ CdðqðtÞÞ þ
~hT

d ðtÞP�1
d ðtÞ~hdðtÞ
2

(19)

The collective performance cost function will be minimized by
agents. The convergence properties of the multiagent system are
summarized by the following theorem.

Theorem 1. For any initial state x0 ¼ colðq0; p0; ~hd0
Þ 2 Dd,

where Dd is a compact set, we consider the distributed control
law in Eq. (11) based on the gradient-based estimator in Eq. (12)

(respectively, the RLS estimator in Eq. (13)) along with the global
performance cost function Vd in Eq. (18) (respectively, Eq. (19)).
Let DAd¼fx [ D j Vd(x) � ag be a level-set of the collective cost

function. Let Dcd be the set of all points in DAd, where dVdðxÞ
dt ¼ 0.

Then, every solution starting from DAd approaches the largest
invariant set Md contained in Dcd as t!1.

Moreover, for the adaptive control using the gradient-based es-

timator (respectively, the RLS estimator), if ðL̂2 þ KdÞ and

ðUT
d ðtÞUdðtÞ þ L̂mÞ (respectively, ð1

2
UT

d ðtÞUdðtÞ þ L̂mÞ) are posi-
tive definite, then any point x*¼ col(q*,0,0) in Md is a critical
point of the cost function Vd(x), which implies that x* is either a

(local) minimum of Vd(x) or an inflection point, @VdðxÞ
@x

���
x¼x�
¼ 0, and

ĥdðtÞ converges to hd as t!1.
Proof of Theorem 1 for the case of the gradient-based estimator.
Using Eq. (14), the time derivative of Vd(x) in Eq. (18) is

obtained by

_Vd ¼ ~hT
d ðtÞC�1

d
_̂hdðtÞ þ

rUðqðtÞÞ þ rCdðqðtÞÞ
pðtÞ

� �T

pðtÞ
�rUðqðtÞÞ � rWGðpðtÞÞ � KdpðtÞ � rĈdðqðtÞÞ

� �

¼ �pTðtÞðL̂2 þ KdÞpðtÞ þ ~hT
d ðtÞðAT

d ðtÞpðtÞ þ C�1
d

_̂hdðtÞÞ

(20)

With Eqs. (15) and (20), we obtain

_Vd ¼ �pTðtÞðL̂2 þ KdÞpðtÞ
� ~hT

d ðtÞðUT
d ðtÞUdðtÞ þ L̂mÞ~hdðtÞ � 0 (21)

Let xðtÞ ¼ colðqðtÞ; pðtÞ; ~hdðtÞÞ. From Eq. (18), we conclude that
Vd(x(t)) is radially unbounded, i.e., Vd(x(t))!1 as kx(t)k ! 1.
Hence, DAd¼fx(t) j Vd(x(t))� ag is bounded and DAd with
d
dt VdðxÞ � 0 in Eq. (21) for all x [ DAd is a positively invariant set.

By LaSalle’s invariant principle, every point x(t) in DAd

approaches Md included in Dcd, which is given by

Md :¼ fxðtÞj _Vd ¼ �pTðtÞðL̂2 þ KdÞpðtÞ
� ~hT

d ðtÞðUT
d ðtÞUdðtÞ þ L̂mÞ~hdðtÞ ¼ 0g (22)

as t!1. Let x* be a solution that belongs to Dcd. If ðL̂2 þ KdÞ � 0

and ðUT
d ðtÞUdðtÞ þ L̂mÞ � 0, 8x 2 Dd , from Eq. (22), any point x*

in Md is the form of x�ðtÞ ¼ colðq�ðtÞ; p�  0; ~h�d  0Þ. Moreover,
~h�d  0) 0  ĥ�dðtÞ � hd )rĈdðq�Þ  rCdðq�Þ. From Eq. (14),

we have ~h�d  0; p�ðtÞ  0) _q�ðtÞ  0) 0  �rUðq�Þ
�rĈdðq�Þ. This implies that x* is a critical point of the cost func-

tion Vd(x) and ĥdðtÞ converges to hd. QED.
Proof of Theorem 1 for the case of the RLS estimator.
Using Eq. (14), the time derivative of Vd(x) in Eq. (19) is

obtained by

_Vd ¼
rUðqðtÞÞ þ rCdðqðtÞÞ

pðtÞ

� �T

�
pðtÞ

�rUðqðtÞÞ � rWGðpðtÞÞ � KdpðtÞ � rĈdðqðtÞÞ

� �

þ ~hT
d ðtÞP�1

d ðtÞ
_̂hdðtÞ þ

~hT
d ðtÞ _P�1

d
~hd

2
ðtÞ

¼ � pTðtÞðL̂2 þ KdÞpðtÞ þ
1

2
~hT

d ðtÞ
dP�1

d ðtÞ
dt

~hdðtÞ

þ ~hT
d ðtÞðAT

d ðtÞpðtÞ þ P�1
d ðtÞ

_̂hdðtÞÞ (23)

With Eqs. (17) and (23), we obtain
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_Vd ¼ �pTðtÞðL̂2 þ KdÞpðtÞ

� ~hT
d ðtÞ

1

2
UT

d ðtÞUdðtÞ þ L̂m

� 	
~hdðtÞ � 0

The rest of the proof follows as in the case of the gradient estima-
tor. QED.

5 A Sampling Scheme for Helping Convergence

To improve the possibility of satisfying the sufficient conditions
of convergence in Theorem 1, we provide a sampling scheme that
will help on making UT

d ðtÞUdðtÞ positive definite.
In this sampling scheme, at every sampling time t, a fixed num-

ber (m) of measurements sampled previously will be augmented
to the fresh measurements available at time t for agent i. The

Fig. 3 The trajectories of agents in cases 1, 2, and 3 are shown in the first, second, and third columns, respectively.
The first, second, third, and fourth rows correspond to initial pose 1 and field 1, initial pose 1 and field 2, initial pose 2
and field 1, and initial pose 2 and field 2, respectively. The locations of robots are marked by snapshots of poses at
t 5 0 s, t 5 100 s, and t 5 1000 s, by white, magenta, and black arrowheads, respectively, showing their positions and
heading angles. Horizontal and vertical axes are x and y coordinates, respectively, and the background colors show
the scalar fields.
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selection of such m additional measurements at time t for agent i
is as follows

�qijðtÞ ¼ arg min
q2XiðtÞ

k q� nj k; 8j 2 M (24)

where M :¼ f1;…;mg and nj is the center location of the jth basis
function as defined in Eq. (8). Xi(t) is defined by

XiðtÞ :¼
 
[

k2N iðtÞ
f�qijðt�Þ j j 2 Mg

!
[
 
[

k2N iðt�Þ
qkðt�Þ

!

where t� is the sampling time taken prior to t. Notice that this
selection process in Eq. (24) is scalable and distributed.

Expanded Ui(t) due to the augmented sampled data at time t is
as follows

UiðtÞ ¼ /ðqiðtÞÞ … /ð�qi1ðtÞÞ … /ð�qimðtÞÞ½ 	T 2 RjN iþmj�m

6 Simulation Results

We have applied the proposed distributed adaptive control to
fully actuated nonholonomic differentially driven mobile robots
introduced in Sec. 2.1 under different conditions. For the numeri-
cal simulation study, two scalar fields illustrated as color maps in
Fig. 3 were generated by the model in Eq. (6) with nine radial

basis functions. Agents were launched at a set of randomly distrib-
uted initial poses (positions and angles). Two sets of scalar fields
and initial poses were selected and used for all simulations for a
fair comparison. Each of initial poses of agents and scalar fields
were indexed by 1 and 2. A limited transmission radius was cho-
sen to be r¼ 0.5. The initial value for the parameter vector of
each agent was given as a zero vector, i.e., ĥið0Þ ¼ 0m�1 2 Rm.
Table 1 shows the parameters used for the numerical evaluation.

The trajectories of agents from the simulation are shown in
Fig. 3. The error norm k ~hiðtÞk, where ~hiðtÞ :¼ ĥiðtÞ � h for agent
i is shown for all i 2 I in Fig. 4. The simulation results under three

Table 1 Parameters in the simulation study

Parameters Values

Number of agents n 30
Number of basis functions m 9
Surveillance region Q [0,3]� [0,3]
(d,d0,d1,r) (0.3,0.39,0.5,0.5)
(k1,k2,k4,k6) (5,1,1,1)
kd 5I2n

P(0)¼C 0.5Im

ĥið0Þ 0m�1

a 0.05

Fig. 4 The norm of the parameter estimation error, i.e., k ~hi ðtÞk by agent i for all i‰I in cases 1, 2, and 3 are shown in the first,
second, and third columns, respectively. The first, second, third, and fourth rows correspond to initial pose 1 and field 1, ini-
tial pose 1 and field 2, initial pose 2 and field 1, and initial pose 2 and field 2, respectively. Vertical and horizontal axes are
k ~hi ðtÞk (in a logarithmic scale) and time, respectively.
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different combinations of the proposed algorithms are summar-
ized as follows:

Case 1: The trajectories of agents under the distributed adaptive
control using the gradient-based estimator in Eq. (12) and the
sampling scheme in Eq. (24) are shown in Figs. 3(a), 3(d), 3(g),
and 3(j). The corresponding parameter convergence rates are
shown in Figs. 4(a), 4(d), 4(g), and 4(j).

Case 2: The trajectories of agents under distributed adaptive
control using the RLS estimator in Eq. (13) and the sampling
scheme are shown in Figs. 3(b), 3(e), 3(h), and 3(k). The corre-
sponding parameter convergence rates are shown in Figs. 4(b),
4(e), 4(h), and 4(k).

Case 3: The trajectories of agents under the distributed adaptive
control based on the gradient-based estimator without using the
sampling scheme are shown in Figs. 3(c), 3(f), 3(i) and 3(l).
The corresponding parameter convergence rates are shown in
Figs. 4(c), 4(f), 4(i), and 4(l).

In particular, Fig. 3 shows the trajectories of agents under initial
conditions 1 and 2 and fields 1 and 2 (2� 2 combinatorial scenar-
ios corresponding to four rows of Fig. 3). The locations of robots
are marked by snapshots of poses at t¼ 0 s, t¼ 100 s, and
t¼ 1000 s, by white, magenta, and black arrowheads, respectively,
showing their positions and heading angles.

From the simulation results in Figs. 3 and 4, we see that agents
with distributed adaptive control and learning algorithms success-
fully find major peaks of the uncertain fields. No particular behav-
ioral difference between cases 1 and 2 was observed. Note that
some of agents may converge to the local minima of the global
performance cost function, which are related to the local maxima
of the scalar field.

Under the limited communication range, different groups of
agents are formed to share measurements and interact with each
other in a distributed fashion. Therefore, the final configuration
and the parameter convergence rate of each agent will depend on
the initial positions of the multiagent system and the uncertain
scalar field as shown in Figs. 3 and 4. For example, with the initial
positions of agents as shown in Fig. 3(g), the communication
graph is not connected, which results in converging to local max-
ima of the field. Similarly, Fig. 4(g) shows that parameter esti-
mates by agents do not converge to the correct ones. On the other
hand, with a different initial condition, better collective conver-
gent behaviors can be obtained as shown in Figs. 3(a) and 4(a) as
compared to those in Figs. 3(g) and 4(g).

The multiagent system with the proposed sampling scheme in
Eq. (24) outperforms the multiagent system without the sampling
scheme, as can be seen clearly by comparing parameter error
convergence rates in first (case 1) and third (case 3) columns of
Fig. 4.

Recall that agent i starts by an initial guess of ĥið0Þ and recursively
updates ĥiðtÞ as more measurements collected. Using zero, initial
conditions for ĥið0Þ may be plausible in detecting accidental
release of toxic chemical plumes, which is not supposed to be
found in a normal situation. On the other hand, our additional
simulation study suggests that using randomized initial conditions

for ĥið0Þ yields exploratory behaviors by dispatching multiple
agents in random directions initially to find potential peaks.

7 Conclusions

In this paper, we designed and analyzed a class of multiagent
systems that locate peaks of static scalar fields of interest based on
adaptive control. Each agent was driven by swarming and gradient
ascent efforts based on its’ own recursively estimated field via
locally collected measurements. The convergence properties of
the proposed multiagent systems were analyzed. A sampling
scheme to help the convergence was provided. The simulation
results under different scenarios matched well with the predicted
behaviors from the convergence analysis and demonstrated the
usefulness of the proposed coordination and sampling algorithms.
The proposed multiagent systems and coordination algorithms
were developed under a set of assumptions such as fully actuated
nonholonomic differentially driven mobile robots, no sensor
noise, and a simple communication model (r-disk). Therefore, a
future research direction is to extend the proposed approach in
more realistic conditions and develop the stochastic version of
this problem, taking into account the measurement sensor noise.
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