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Distributed Gaussian Process
Regression Under Localization
Uncertainty
In this paper, we propose distributed Gaussian process regression (GPR) for resource-
constrained distributed sensor networks under localization uncertainty. The proposed
distributed algorithm, which combines Jacobi over-relaxation (JOR) and discrete-time
average consensus (DAC), can effectively handle localization uncertainty as well as lim-
ited communication and computation capabilities of distributed sensor networks. We also
extend the proposed method hierarchically using sparse GPR to improve its scalability.
The performance of the proposed method is verified in numerical simulations against the
centralized maximum a posteriori (MAP) solution and a quick-and-dirty solution. We
show that the proposed method outperforms the quick-and-dirty solution and achieve an
accuracy comparable to the centralized solution. [DOI: 10.1115/1.4028148]

1 Introduction

The advances in embedded processors and distributed sensor
networks technologies allow a number of important and success-
ful applications in environmental monitoring, such as monitoring
complex interactions in wildlife habitats and disaster management
of harmful algal blooms in water bodies [1]. A distributed sensor
network consists of a number of resource-constrained agents with
limited processing power, communication bandwidth, and battery
capacity, to name a few. These limitations play an important role
in designing an application using distributed sensor networks [1].
In order to handle these physical constraints and take a full capa-
bility as a team, it is important to process information in a distrib-
uted manner [1–4]. In Ref. [4], a distributed learning and control
algorithm is developed for mobile sensor networks for estimating
an unknown field of interest from noisy measurements and coordi-
nating multiple agents to discover peaks of the unknown field. In
Ref. [5], a distributed GPR algorithm is proposed using compactly
supported covariance functions.

GPR has been widely used to model spatiotemporal phenomena
of changing environments [6]. Due to its Bayesian nonparametric
property, it can be easily deployed to an actual environment with-
out a tedious parameter tuning step. Moreover, GPR can provide
predictive uncertainties which can be used as a metric for the opti-
mal sensor placement as well as cooperative control for explora-
tion [7,8].

While GPR is effective for a number of practical applications,
GPR suffers from two major drawbacks: its heavy computational
cost and the difficulty of handling localization errors. The compu-
tational complexity grows as OðN3Þ, where N is the number of
training data. A number of approximation schemes have been pro-
posed to reduce the computational complexity of GPR, including
[9–11]. In Ref. [8], Xu et al. proposed GPR based on truncated
observations for mobile sensor networks with limited memory and
computational power. In particular, Chen et al. [12] proposed a
decentralized version of partially independent training conditional

(PITC), a sparse GPR method described in Ref. [11]. By decen-
tralizing the algorithm, they boosted the speed of PITC while
guaranteeing that its predictive performance is equivalent to that
of the centralized version.

For environmental monitoring, better mapping of the environ-
ment is possible when accurate sensing locations are available.
However, there can be many situations where sensing locations
cannot be measured accurately, e.g., GPS denied areas. In addi-
tion, there can be a significant localization error with inexpensive
GPS receivers. A number of localization algorithms have been
proposed to address this issue, including Refs. [13,14]. Oguz-
Ekim et al. [13] iteratively maximized likelihoods of position esti-
mates given measurements and Karlsson and Gustafsson [14]
applied particle filtering for surface and underwater navigation as
a supplement to the GPS. Mysorewala et al. [15] combined a neu-
ral network and an extended Kalman filter (EKF) with greedy
search heuristics and developed a distributed multiscale sampling
strategy for environmental monitoring. The use of an EKF
allowed the method to handle localization and measurement
uncertainties. However, the proposed method is based on a para-
metric model and it is difficult to apply the method directly to
highly complex time-varying real-world situations.

Jadaliha et al. [16] incorporated the localization uncertainty
into the GPR framework. Since the proposed predictive mean and
variance estimators have no closed-form solutions, they suggested
two approximation schemes, Laplace approximation and Monte
Carlo importance sampling. They also proposed a simple Laplace
approximation method which uses MAP estimates of noisy posi-
tion reports. In this paper, we extend [16] by developing a distrib-
uted version of GPR, which can handle both localization and
measurement uncertainties, such that it can be suitable for
resource-constrained distributed sensor networks. In contrast to
the preliminary version [17], we extend the proposed algorithm
hierarchically to improve its scalability in this paper. The pro-
posed hierarchical method first forms groups of agents using dis-
tributed spectral clustering based on the network topology. Then
each group estimates the field of interest in a distributed manner
using the proposed distributed GPR. Finally, group estimates are
combined using the decentralized sparse GPR method [12].

The remainder of this paper is organized as follows. In Sec. 2,
GPR is briefly described. In Secs. 3 and 4, we describe the
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problem formulation and present a method for estimating predic-
tive statistics, which incorporate both localization and measure-
ment errors into a single Bayesian framework. In Sec. 5, we
propose a distributed Gaussian process algorithm for estimating
predictive statistics. The hierarchical extension of the distributed
GPR algorithm is described in Sec. 6. The performance of the pro-
posed algorithm is extensively evaluated in Sec. 7.

2 Gaussian Process Regression

A GP is completely specified by its mean function and covari-
ance function and it is formally defined as a collection of random
variables, any finite number of which has a joint Gaussian
distribution [6]. Let us denote the mean function by m(x) and the
covariance function by kðx; x0Þ for a GP f(x) describing an
environmental parameter. Then f(x) can be represented as

f ðxÞ � GPðmðxÞ; kðx; x0ÞÞ (1)

Suppose that x 2 Rnx is an input and y 2 R is an output (or a tar-
get), such that y ¼ f ðxÞ þ w, where w is a white Gaussian noise.
When the target y is continuous (respectively, discrete), we have a
regression (respectively, classification) problem. In this paper, we
assume y takes a continuous value. Suppose that there are N obser-
vations, fðxi; yiÞji ¼ 1;…;Ng. Given observations, GPR can pre-
dict an output y? for a new input vector x?. Throughout this paper,

it is assumed that x 2 R2 and y 2 R.
For notational simplicity, we assume a zero-mean GP. A GP

with a nonzero mean can be treated by a change of variables.
There are a number of choices for the covariance function and a
widely used covariance function is the squared exponential kernel

kðx; x0Þ ¼ r2
f exp � jjx� x0jj2

2r2
x

 !
(2)

where r2
f and r2

x are hyperparameters which can be estimated by

maximizing the log-likelihood [6].
Assuming that yi ¼ f ðxiÞ þ wi and wi �

i:i:d:Nð0; r2
wÞ, the covari-

ance between yi and yj can be computed as

covðyi; yjÞ ¼ kðxi; xjÞ þ r2
wdij (3)

and we represent the covariance in the following matrix form:

covðyÞ ¼ Kðx; xÞ þ r2
wI (4)

where y ¼ ðy1;…; yNÞT, x ¼ ðxT
1 ;…; xT

NÞ
T
, and Kðx; xÞ is the co-

variance matrix computed from N data points.
Let Do ¼ fðxi; yiÞji ¼ 1;…;Ng be a set of input–output pairs.

The conditional distribution of y? at a new input x? given data
becomes

y?jDo � Nðl?ðx?jDoÞ;r2
?ðx?jDoÞÞ (5)

where

l?ðx?jDoÞ ¼ kðx?; xÞTðKðx; xÞ þ r2
wIÞ�1

y (6)

and

r2
?ðx?jDoÞ ¼ r2

f � kðx?; xÞTðKðx; xÞ þ r2
wIÞ�1kðx?; xÞ (7)

Here, kðx?; xÞ 2 RN is a covariance vector between y and y?.
Note that Eqs. (6) and (7) require an inversion of a covariance

matrix, which has the time complexity of OðN3Þ. Considering lim-
ited capabilities of distributed sensor networks, the computation
can be prohibitive when the number of measurements becomes

large. A number of approximation methods have been proposed to
address this issue [9–11,18]. A distributed algorithm, such as the
one described in Sec. 5, can be considered as another solution to
reduce the computational demand.

3 Gaussian Process Regression Under Localization

Uncertainty

In a realistic situation, acquiring samples fxi; yig with exact
localization for xi is often impossible. As GPs incorporate a mea-
surement noise naturally, it is desirable to incorporate a localiza-
tion noise into GPs. In Ref. [16], GPR was reformulated to
incorporate noisy location measurements �x ¼ f�x1;…; �xNg, where
�xi ¼ xi þ vi and vi is a zero-mean white Gaussian noise with var-

iance r2
v . Let D ¼ fð�xi; �yiÞji ¼ 1;…;Ng, where �yi ¼ f ðxiÞ þ wi.

Under this new formulation, the following predictive mean esti-
mator (PME) and predictive variance estimator (PVE) derived in
Ref. [16] are as follows:

Eðy?jDÞ ¼

ð
X

l?ðx?jDÞpðyjxÞpðxjxÞdxð
X

pðyjxÞpðxjxÞdx

(8)

and

varðy?jDÞ ¼

ð
X

ðr2
?ðx?jDÞ þ l2

?ðx?jDÞÞpðyjxÞpðxjxÞdxð
X

pðyjxÞpðxjxÞdx

�E2ðy?jDÞ (9)

where x? is the location of interest and l?ðx?jDÞ and r2
?ðx?jDÞ are

given by Eqs. (6) and (7).
This new formulation of GPR incorporates both localization

and observation noises in a Bayesian framework. However, there
are no closed-form solutions for the PME and PVE given in
Eqs. (8) and (9), respectively. In Ref. [16], three approaches are
proposed to approximate the PME and PVE and they are the fully
exponential Laplace approximation method [19–22], Monte
Carlo importance sampling, and a simple Laplace approximation
method. The simple Laplace approximation makes predictions
based on the mode of the posterior distribution of the position of
an input, i.e., the MAP estimator of the input, and described in
Sec. 4.

4 Simple Laplace Approximation

The simple Laplace approximation method for estimating Eqs.
(8) and (9) is based on the MAP estimation and requires less com-
putation compared to the fully exponential Laplace approximation
method and Monte Carlo importance sampling [16]. The simple
Laplace approximation method will be called MAP–GPR in the
remainder of this paper. The following proposition from Ref. [16]
demonstrates that MAP–GPR can provide good estimates.

PROPOSITION 1. Let x̂ be an asymptotic mode of order Oðn�1Þ for
�hðxÞ, such that

x̂ ¼ arg max
x

pðyjxÞpðxjxÞ (10)

hðxÞ ¼ � 1

n
logðpðyjxÞpðxjxÞÞ (11)

Assume that fh; x̂g satisfies the regularity conditions described
in Ref. [16]. Now consider the following approximations for
Eðy?jDÞ and varðy?jDÞ

Êðy?jDÞ ¼ kTðx?; x̂ÞðKðx̂; x̂Þ þ r2
wIÞ�1

y (12)
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dvarðy?jDÞ ¼ r2
f � kTðx?; x̂ÞðKðx̂; x̂Þ þ r2

wIÞ�1kðx?; x̂Þ (13)

where x? is the location of interest and Kðx̂; x̂Þ 2 Rn�n and
kðx?; x̂Þ 2 Rn are covariance matrices obtained using x̂ and x?.
Then, we have the following orders of errors:

Êðy?jDÞ ¼ Eðy?jDÞ þ Oðn�1Þdvarðy?jDÞ ¼ varðy?jDÞ þ Oðn�1Þ

Remark 1. Note that the MAP–GPR predictive mean and var-
iance in Eqs. (12) and (13) take the same form as the original pre-
dictive mean (6) and variance (7), but the MAP estimator x̂ from
Eq. (10) is used instead.

5 Distributed GPR Algorithm

In this section, we introduce a distributed algorithm for an indi-
vidual agent (sensor) to estimate an environmental parameter of
the surveillance region S only by exchanging local information
within r-disk neighbors. Consider a distributed sensor network
consisting of q sensing agents distributed in S. This distributed
approach can be implemented for a class of kernel functions
Kð�; �Þ that have compact supports. The following kernel function
is considered in the development of a distributed algorithm:

kðx; x0Þ ¼ r2
f k
jjx� x0jj

r

� �
(14)

where

kðhÞ ¼ ð1� hÞ cosðphÞ þ 1

p
sinðphÞ; if h � 1

0; otherwise

(

Notice that the kernel function K in Eq. (14) has a compact sup-

port, i.e., Kij ¼ KðxðiÞ; xðjÞÞ is nonzero if and only if

rij ¼ jjxðiÞ � xðjÞjj is less than the support r and, similarly,

ki ¼ KðxðiÞ; x?Þ is nonzero if and only if di? ¼ jjxi � x?jj is less
than the support r. Consider a case in which each agent in a sensor
network can only communicate with other agents within a limited
communication range of R. In addition, we assume that there
exists no central station in the development of the distributed GPR
algorithm.

The index of a distributed sensor is denoted using I ¼ f1;…; qg.
The position of agent i is denoted by xðiÞ. Agent i can only commu-
nicate with its neighbors in a limited range of R. The adjacency ma-
trix Q indicates whether two agents are neighbors or not. If the
element in the ith row and jth column of Q is one, i.e., Qij¼ 1, then
agent i and agent j are neighbors and they have a communication
link, and if Qij¼ 0, then they are not neighbors

Qij ¼ 1; if jjxðiÞ � xðjÞjj � R and i 6¼ j
0; otherwise

�
where R is the communication range between neighbors.

The assumptions made for the resource-constrained distributed
sensor networks are listed as follows.

ASSUMPTION 1. The radius r of the support of the kernel function
(14) satisfies that 0 < r < R.

ASSUMPTION 2. Agent i can only communicate with neighbors in
NðiÞ ¼ fj 2 IjQij ¼ 1g.

These assumptions indicate that the communication range must
be longer than the measurement radius of each agent. If these
assumptions are not held, the multi-agent system cannot reach a
consensus due to an inability to make communication with each
other.

As a result of the specified covariance matrix in Eq. (14) and
Assumption 1, agent i knows the ith row of K, i.e., ½K�ðiÞ, where
Kij 6¼ 0 if and only if j 2 NðiÞ.

5.1 Jacobi Over-Relaxation. JOR is a method for solving

Ax¼ b, where A 2 RN�N and x; b 2 RN [23]. This method

assumes that agent i knows ½A�ðiÞ 2 RN and bi, and aij ¼ ðAÞij ¼ 0

if agent i and agent j are not neighbors which goes along with

Assumption 2. The ith element of the solution x ¼ A�1b can be
obtained by the following iterative step:

x
ðkþ1Þ
i ¼ ð1� hÞxðkÞi þ

h

aii
bi �

X
j2Ni

aijx
ðkÞ
j

 !
(15)

where h is a constant controlling the speed of convergence.
The convergence property of the iterative JOR algorithm with

respect to eigenvalues of matrix A is specified in Ref. [23]. More-

over, Udwadia [24] proved that if h < 2
N, the convergence of the

JOR algorithm to the solution x ¼ A�1b is guaranteed from any
initial point, where A is a symmetric, positive-definite matrix.

Remark 2. Note that, the solution of the JOR method

approaches to the solution x ¼ A�1b without requiring the compu-
tation of an inverse of A. As shown in Sec. 2, a drawback of GPR

is OðN3Þ computational complexity and OðN2Þ memory complex-

ity of calculating ðKðx; xÞ þ r2
wIÞ�1

. However, when it comes to
implementing GPR algorithm for distributed sensor networks
where no centralized server exists, each resource-constrained
agent can hardly handle these complexities. Moreover, even with
presence of a centralized server capable of performing such com-
putations, high communication costs are also required to transfer
all the spatially distributed information to the server. But, with a
distributed algorithm like JOR, each agent is only required to run
a few simple operations, such as additions and multiplications.
Furthermore, a distributed algorithm is more robust against
changes in the network topology [25].

5.2 Discrete-Time Average Consensus. The DAC method is
used to compute the arithmetic mean of elements of a vector [25].
Let

c ¼

c1

c2

..

.

cN

26664
37775 2 RN (16)

If the graph is connected, and agent i knows the ith element of
vector c, the arithmetic mean of c can be computed by iterating

x
ðkþ1Þ
i ¼ x

ðkÞ
i þ e

X
j2Ni

QijðxðkÞj � x
ðkÞ
i Þ (17)

with an initial condition x0
i ¼ ci, where Qij¼ 1 if and only if agent

i and agent j are connected. It is proven that if e satisfies

0 < e <
1

maxi

X
j6¼i

Qij

 ! (18)

then the DAC algorithm converges to the solution [26].
After the convergence, every node in the network knows the

arithmetic mean of vector c, i.e., ð1=NÞ
PN

i¼1 ci.

5.3 Distributed MAP Mode Estimation. In order to find the
asymptotic mode x̂ in a distributed manner, the JOR method
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introduced in Sec. 5.1 is used. Agent i only knows the ith row and
column of K and @K=@xðiÞ. Note that for @K=@xðiÞ, the elements
that are not on the ith row or the ith column are zeros. Define C
and Bl as follows:

C ¼ ðKðx; xÞ þ r2
wIÞ�1

y (19)

Bl ¼
1

2
ðKðx; xÞ þ r2

wIÞ�1 @Kðx; xÞ
@xðlÞ

(20)

Agent i knows ith row of ðKðx; xÞ þ r2
wIÞ and ith element of y. So

CðiÞ, the ith element of C, can be computed by applying the JOR

method over ðKðx; xÞ þ r2
wIÞ�1

y based on the following
recursion:

CðiÞðk þ 1Þ ¼ ð1� aÞCðiÞðkÞ þ a

r2
f þ r2

w

� �yðiÞ �
X

j2NðiÞ
kðx̂ðiÞ; x̂ðjÞÞCðjÞðkÞ

0@ 1A (21)

Similarly, agent i knows ½ðK þ r2
wIÞ�ðiÞ, the ith row of ðK þ r2

wIÞ,
and the ith row of Bl for every l 2 f1; 2; :::; qg. So Bil, the ith row
of Bl, can be computed by applying the JOR method. However,

agent i needs to receive @K=@xðlÞ from agent l if they are con-
nected or use zero instead if they are not connected. In other
words, agent i will

get
@K

@xðlÞ

� �
ðiÞ

from agent l if i ¼ l and i 2 NðlÞ

set
@K

@xðlÞ

� �
ðiÞ
¼ 0 if l 6¼ i and i 62 NðlÞ

8>>>><>>>>:
and the ith row of Bl can be computed using

Bilðmþ 1Þ ¼ ð1� aÞBilðmÞ þ
a

r2
f þ r2

w

� @K

@xðlÞ

� �
ðiÞ

����
x¼x̂

�
X

j2NðiÞ
kðx̂ðiÞ; x̂ðjÞÞBjlðmÞ

0@ 1A (22)

for m 2 Z�0; l 2 NðiÞ, and i 2 1; 2;…; q, where a 2 ð0; 2kmin

ðK þ r2
wIÞÞ. At the end of JOR iterations, agent i knows CðiÞ and

Bil.
PROPOSITION 2. Given B

ðjÞ
ji , the jth element of Bji, @h=@xðiÞ calcu-

lated for agent i is

@h

@xðiÞ
¼ xðiÞ � �xðiÞ

nr2
v

� 1

n

X
j2NðiÞ

CðjÞ
@kðxðjÞ; xðiÞÞ

@xðiÞ
CðiÞ � B

ðjÞ
ji

� �
(23)

Proof. h given by Eq. (11) can be expressed as

h ¼ d

2
logð2pr2

vÞ þ

Xn

i¼1

ðxðiÞ � �xðiÞÞ2

2mr2
v

þ 1

2
logð2pÞ

þ 1

2n
log jK þ r2

wIj þ 1

2m
yTðK þ r2

wIÞy

Now take a derivative respect to xðiÞ to get

@h

@xðiÞ
¼ xðiÞ � �xðiÞ

nr2
v

þ 1

2n
tr

@K

@xðiÞ
ðK þ r2

wIÞ�1

� �
þ 1

2n
yTðK þ r2

wIÞ�1 @K

@xðiÞ
ðK þ r2

wIÞ�1
y

Using Eqs. (19) and (20), we get

@h

@xðiÞ
¼ xðiÞ � �xðiÞ

nr2
v

þ 1

n
trðBT

i Þ �
1

2n
CT @K

@xðiÞ
C (24)

It is known that @K=@xðiÞ is a sparse matrix with only nonzero ele-
ments on the ith row and column for the neighbors of i. Rewriting
the above equation in the summation form leads to Eq. (23).

Finally using the recursive gradient method given by Eq. (25),
agents can update their modes in a distributed manner, where �xðiÞ

can be used as an initial condition and c 2 R>0 is a step size

x̂ðiÞðtþ 1Þ ¼ x̂ðiÞðtÞ þ c
@h

@xðiÞ

����
x¼x̂

(25)

The overall algorithm is summarized in Algorithm 1.

Algorithm 1 Distributed Algorithm for Computing x̂

Given Initial position x, corrupted measurement �y and e satisfying (18).

begin 8i x̂
ð0Þ
i ¼ xi;C

ð0Þ
i ¼ 0;B

ð0Þ
i ¼ 0 2 Rn�n

repeat

repeat

1. Update Ci using (21).
2. Update Bi using (22).

until Ci and Bi converges.
1. Compute @h=@xðiÞ using (23).
2. Update x̂i using (25).

until x̂i converges
output Estimated position x̂

5.4 Distributed Estimation of Posterior Means and
Variances. Let us consider the first-order approximation of the
PME estimator in Eq. (12). The elements of the covariance matri-

ces kðx̂ðiÞ; x?Þ and kðx̂ðiÞ; x̂ðjÞÞ can be calculated using Eq. (14) and
the converged asymptotic mode x̂ of� h can be found.

PROPOSITION 3. If a sensor network is connected, every agent
can compute Êðy?jDÞ with the DAC method by exchanging only
local information using

hiðmþ 1Þ ¼ hiðmÞ þ e
X

j2NðiÞ
ðhjðmÞ � hiðmÞÞ (26)

where hið0Þ ¼ kðiÞCðiÞ.
Proof. By Proposition 1 and Eq. (19), the PME in Eq. (12) can

be represented as follows:

Êðy?jDÞ ¼ kTðx?; x̂ÞðKðx̂; x̂Þ þ r2
wIÞ�1

y

¼ kTðx?; x̂ÞC (27)

The solution of Eq. (27) can be solved using DAC since (27) can
be matched to Eq. (16). Recall that Eq. (27) is a scalar value and

can be represented as
Pq

i¼1 kTðx?; x̂ðiÞÞCðiÞ and the ith agent knows

both kTðx?; x̂ðiÞÞ and CðiÞ.
From Sec. 5.2, we know that hi converges to ð1=qÞÊ½y?jD�

when 0 < e < ð1=maxi

P
i 6¼j QijÞ and each agent can easily com-

pute Ê½y?jD� by q� hi. �
The predictive variance can be approximated similarly with
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dvarðy?jDÞ ¼ r2
f � kTðK þ r2

wIÞ�1k (28)

First, suppose that

U ¼ ðKðx̂; x̂Þ þ r2
wIÞ�1kðx?; x̂Þ (29)

Agent i can calculate the ith element of Eq. (29) by the following
recursion:

UðiÞðk þ 1Þ ¼ ð1� aÞUðiÞðkÞ þ a
r2

f þ r2
w

� �yðiÞ �
X

j2NðiÞ
kðx̂ðiÞ; x̂ðjÞÞUðjÞðkÞ

0@ 1A (30)

Once JOR converges, the error variance can be computed using
following recursion based on the DAC method:

hiðk þ 1Þ ¼ hiðkÞ þ e
X

j2NðiÞ
ðhjðkÞ � hiðkÞÞ (31)

where

hið0Þ ¼ kTðx?; x̂ðiÞÞUðiÞ (32)

Without loss of generality, the iterative DAC solution in Eqs. (26)
and (31) can be extended to vector formulation, where hi 2 Rk.

Remark 3. The proposed distributed posterior mean and var-
iance estimators given by Eqs. (27) and (28) are different from the
naive approach (or a quick and dirty solution (QDS)) given by
Eqs. (6) and (7). In the naive approach, we completely neglect the
effect of localization uncertainty. In the proposed distributed
approach, we estimate the field based on x̂, an MAP estimate of
the agent’s position, instead of directly using noisy location
measurements.

The distributed GPR (D-GPR) algorithm is outlined in Algo-
rithm 2. Note that the number of agents q can be also estimated
using DAC using Eq. (26) with an initial value of 1 at one prede-
fined agent and 0 at all other agents, which will converge to 1=q.

Algorithm 2 Distributed GPR (D-GPR) Algorithm

Given x̂ and C computed using Algorithm 1, corrupted measurement �y,
unmeasured position x?.

begin hð0Þi ¼ kðx?; x̂iÞCðiÞ
repeat

1. Update hi using (26).
until hi converges
output Ê½y?jD� ¼ q� hi

6 Hierarchical Distributed GPR Under Localization

Uncertainty

In this section, we develop a hierarchical extension of the pro-
posed distributed GPR algorithm using sparse GPR in order to
increase the scalability of the algorithm. We assume the same
setup as described in Sec. 5 but with a larger number of agents.

The MAP mode estimation and a distributed GPR algorithm
proposed in Sec. 5 can effectively handle limited computational
capabilities inherent in a distributed sensor network. However,
due to the relatively slow convergence speed, it is difficult to
apply the proposed algorithm for a network with a large number
of sensors monitoring a larger region. It is known that the
convergence time TnðeÞ of a distributed consensus algorithm is
[27]

TnðeÞ ¼ Oðn3 logðn=eÞÞ (33)

where n is the number of agents and � is the error bound. Hence,
for a large network, it is impractical to run a completely distrib-
uted algorithm.

In order to overcome this computational burden, we propose
hierarchical distributed GPR (HD-GPR). HD-GPR is a divide-
and-conquer version of the D-GPR algorithm. HD-GPR first
divides a large distributed sensor network into a set of clusters
considering its network topology. Then each cluster performs the
proposed distributed GPR algorithm to estimate the sensory field
monitored by sensors belong to the cluster. Estimates from differ-
ent clusters are combined efficiently using a sparse GP method to
estimate the entire field monitored by the whole network. HD-
GPR is based on distributed spectral clustering and sparse GPR
approximation and they are explained first.

6.1 Distributed Spectral Clustering. Spectral clustering is a
method which uses eigenvalues of a similarity matrix for cluster-
ing data points. If the similarity matrix is constructed using rela-
tive distances between sensing agents, it contains information
about the network topology. Hence, spectral clustering is suitable
for grouping sensing agents in a sensor network.

In order to perform spectral clustering, we need to obtain first k
eigenvectors from a list of eigenvectors of the similarity matrix
ordered by the magnitude of its corresponding eigenvalue. While
this can be easily computed in a centralized manner, it can be
tricky in a distributed sensor network since every computation has
to be done in a distributed manner. In Ref. [28], Kempe and
McSherry proposed decentralized orthogonal iteration (DOI), a
distributed version of orthogonal iteration for computing first k
eigenvectors. Using this algorithm, each agent can calculate the
eigenvector associated with the agent solely from local communi-
cation with its neighboring agents. Once all agents know their cor-
responding eigenvectors, we can cluster similar agents into a set
of groups using eigenvectors. A distributed clustering can be
achieved using the primal dual k-means algorithm [29], which is a
distributed k-means algorithm for clustering observations col-
lected by a spatially deployed sensor network. It is guaranteed to
converge to a local minimum of the centralized solution [30].
Hence, we can partition sensing agents into clusters based on the
network topology using the DOI method [28] and the distributed
k-means algorithm [29]. An example of distributed spectral clus-
tering is shown in Fig. 1, along with the centralized solution for
comparison. For more details about distributed spectral clustering,
see the longer version [31] of this paper.

6.2 Sparse GPR Approximation. Although GPR has been
successfully used in a number of applications [6,7], it suffers from
the cubic time complexity in the number of data points for calcu-
lating the inverse of a kernel matrix in Eqs. (6) and (7). To allevi-
ate this computational burden, a number of approximate GP
methods have been proposed.

A number of existing approximate GPR methods are based on
the sparse subset of data (SoD) approximation method. In particu-
lar, PITC approximation was proposed in Ref. [11]. PITC approxi-
mates using a block diagonal kernel matrix by grouping training
data into clusters. While the clustering has some implementation
issues, it can improve the quality of approximation compared to
fully independent training conditional approximation by consider-
ing the conditional dependency of data within the same group.

The conditional distribution of PITC of y? at a location of inter-
est x? given data D is

y?jD � NðlPITC
? ðx?jDÞ;RPITC

? ðx?jDÞÞ (34)

where

lPITC
? ðx?jDÞ ¼ Cðx?; xÞTðCðx; xÞ þ KÞ�1

y (35)
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Fig. 1 Results of different spectral clustering methods. The color of each node indicates its cluster membership.
(Left) A clustering result using a centralized method. (Middle) A clustering result using DOI for computing eigen-
vectors and centralized k-means. (Right) Fully distributed spectral clustering using DOI and primal-dual k-means.

Fig. 2 An overview of the HD-GPR algorithm. (a) A connected sensor network. (b) Groups of sensing agents formed using
distributed spectral clustering. (c) Estimated agent positions using the distributed mode estimator. (d) The field estimated
by HD-GPR incorporating both position and measurement noises.
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and

RPITC
? ðx?jDÞ ¼ k? � Cðx?; xÞTðCðx; xÞ þ KÞ�1Cðx?; xÞ (36)

with k? ¼ kðx?; x?Þ. Here, K is a block-diagonal matrix con-
structed from the K diagonal blocks of kðx; xÞ and

CðA;BÞ ¼ kðA;UÞkðU;UÞ�1kðU;BÞ (37)

where U is a known support set and kðA;BÞ 2 RnA�nB is a covari-
ance matrix between data A 2 RnA and B 2 RnB . A support set is
a collection of input points summarizing all data points. The car-
dinality of a support set determines the rank of the kernel matrix
and the quality of the approximation. In other words, if the sup-
port set is the same as the given input data, the result of sparse
GPR approximation will be the same as original GPR.

In Ref. [12], Chen et al. proposed a decentralized data fusion
algorithm (D2FAS) that can provide the same prediction results as
the PITC approximation. Let Gk be the kth cluster of agents and K

be the total number of clusters. The local summary for Gk is
defined as follows.

DEFINITION 1. (Local Summary) Given a support set U known to
all agents. Suppose ðXk; zXk

Þ be the position and measurement
data of the kth cluster Gk, the local summary of Gk is defined as a
tuple ð _zk

U;
_Rk

UÞ, where

_zk
U ¼

D
kðU;XkÞR�1

XkXk jU

� 	
zXk

(38)

_Rk
U ¼

D
kðU;XkÞR�1

XkXk jUkðXk;UÞ (39)

such that RXkXk jU ¼ kðXk;XkÞ � kðXk;UÞkðU;UÞ�1kðU;XkÞ.
By communicating local summaries with neighbors, each agent

can compute the global summary defined as follows.
DEFINITION 2. (Global Summary) Given a support set U known

to all agents, the global summary is defined as a tuple ð�zU; �RUUÞ,
where

�zU ¼
D XK

k¼1

_zk
U (40)

�RUU ¼D kðU;UÞ þ
XK

k¼1

_Rk
U (41)

Given the global summary ð�zU; �RUUÞ, each agent can compute a
globally consistent predictive distribution of y? at a new input x?
as follows:

y? � NðlD2FAS
? ;RD2FAS

? Þ (42)

where

lD2FAS
? ¼ kðx?;UÞ�R�1

UU�zU (43)

and

RD2FAS
? ¼ k? � kðx?;UÞðkðU;UÞ�1 � �R�1

UUÞkðU; x?Þ (44)

The proof of the equivalence between PITC and D2FAS can be
found in the Appendix of Ref. [12].

Note that when it comes to computing covariances, the PITC
approximation does not correspond exactly to a GP. Under the
PITC approximation, the correlation between test and training
data is represented by the inducing inputs in the support set and
the covariance is minimized if the test input is close to inducing
inputs in the support set. Hence, PITC can provide a good approx-
imation to original GPR even if the covariance matrix computed
for the PITC approximation is different from the covariance
matrix of the original GP.

6.3 Hierarchical Distributed GPR Algorithm. In this sec-
tion, we describe the HD-GPR algorithm under localization uncer-
tainty. We assume the sensor network is partitioned into groups or
clusters using distributed spectral clustering described in Sec. 6.1.
Once each agent knows the group or cluster it belongs, we can
estimate the real positions of agents using the distributed MAP
mode estimation in Sec. 5. Using the estimated position (mode)
and the clustering information, we use distributed PITC described
in Sec. 6.2. A local summary is estimated by each group, which
can be done by any agent in the group. Local summaries are then
exchanged among groups and the global summary is computed.
Since all sensing agents can participate and compute local and
global summaries, we only assume that at least one agent in each
group is responsible for computing local and global summaries.
Once the global summary is estimated, it has to propagate to the
entire network using flooding if necessary. Based on the global
summary, we can estimate environmental parameters of the region

Fig. 3 An average number of communications per agent
required to perform Algorithm 1

Fig. 4 Reconstruction errors of three algorithms (QDS,
MAP–GPR, and D-GPR) for ten different scenarios. Error bars
indicate one standard deviation from ten independent runs for
each scenario. For each run, 20 agents are deployed in the field.
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of interest using Eqs. (43) and (44). Using distributed PITC
approximation, the number of values to be merged using the con-
sensus algorithm reduces from n to n/k for making local summa-
ries and k for making the global summary, where n is the number
of agents and k is the number of groups. Considering the time
complexity of a distributed consensus algorithm [27], this divide-
and-conquer method can significantly reduce the computational
load and improve the scalability of the algorithm. The HD-GPR
algorithm is given in Algorithm 3 and illustrated in Fig. 2.

Figure 3 shows the average number of communications of an
agent per one iteration of Algorithm 1. The experimental setting is
same as Sec. 7.2, i.e., 100 agents are deployed in the field of inter-
est, with different numbers of groups. Considering that the num-
ber of required iterations has a cubic complexity in the number of
agents, as noted in Eq. (33), our proposed algorithm can dramati-
cally reduce the number of required iterations.

Remark 4. Even with HD-GPR with 20 groups, the average
number of communications exceeds 104 as shown in Fig. 3. How-
ever, this is mainly because we set the threshold for stopping crite-
rion to be sufficiently small. Moreover, when it comes to
implementing the algorithm using low-performance processors,

e.g., microcontroller unit, distributed algorithms have an advant-
age in that the only required computation is simple additions and
multiplications as shown in Fig. 10(b).

Algorithm 3 Hierarchical Distributed GPR (HD-GPR) Algorithm

1: Perform distributed spectral clustering (Sec. 6.3).
2: Perform distributed MAP estimation to find x̂i using Algorithm 1.
3: Make the local summary using (38) and (39) within each group.
4: Make the global summary using (40) and (41).
5: Estimate the field using (42).

7 Simulation Results

7.1 D-GPR. In this section, we perform a number of numeri-
cal simulations to validate the prediction performance of the pro-
posed distributed GPR algorithm. For simulation, we have
randomly generated ten reference fields from a GP with a covari-
ance function given in Eq. (14). We then compare the predicted
fields using three different algorithms against the reference field.

Fig. 5 An example of a reference field and fields reconstructed by three algorithms (QDS, MAP–GPR, and D-GPR). The refer-
ence field is shown in the upper left corner and, clockwise from the top, fields reconstructed using QDS, MAP–GPR, and D-
GPR. The crosses for the reference field and the reconstructed field using QDS represent true positions and noisy positions,
respectively. For the field estimated by MAP–GPR and D-GPR, gray crosses represent the MAP estimates of sensor positions.
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Three algorithms used in simulations are the QDS given in
Eq. (6), which ignores localization uncertainty, the centralized
solution using the simple Laplace approximation using the MAP
estimator (MAP–GPR) in Eq. (12), and the proposed distributed
GPR (D-GPR).

We assume that there are twenty sensing agents (q¼ 20). For
each reference field, sensing agents are randomly located and
each agent only knows a noisy position of itself. The variance of
the position uncertainty is set to r2

v ¼ 1. Each agent then makes a
noisy measurement from the reference field. The collection of all
measurements by all agents is denoted by D ¼ fx; yg. The hyper-
parameter r2

f of the kernel function in Eq. (14) and the variance of
the measurement noise r2

w are estimated by maximizing the

likelihood given D ¼ fx; yg. Then we have performed the recon-
struction of the entire field from D using three algorithms. For
more accurate validation, we have repeated the above procedure
ten times for each reference field, resulting ten independent runs
for each reference field. The mean and variance of the root mean
squared (RMS) errors between the predicted field and the refer-
ence field are shown in Fig. 4. The RMS error or the reconstruc-
tion error is computed as follows:

Erecon ¼ jjDref � DreconjjF (45)

where jj � jjF is the Frobenius norm and Dref and Drecon are the
matrices representing reference and reconstructed fields,
respectively.

As expected, the centralized algorithm MAP–GPR shows the
best performance in terms of the reconstruction error, followed by
D-GPR and QDS. However, the mean of the reconstruction error
of D-GPR is comparable to that of MAP–GPR, demonstrating the
performance of the proposed distributed algorithm. One example
of the reference field and the predicted fields using three
algorithms are shown in Fig. 5. Figures 6 and 7 demonstrate the
convergence of JOR and DAC used in our algorithm.

Since our objective function (11) is nonconvex, we used a
gradient-based nonlinear optimization method for both
MAP–GPR and D-GPR and this can explain the difference
between the reconstruction errors of these two algorithms as
shown in Fig. 4. However, as shown in Table 1, D-GPR has out-
performed QDS in terms of the reconstruction error and its per-
formance is comparable to MAP–GPR in most cases.
Additionally, it is worth noting that the variance of MAP–GPR
and D-GPR is clearly smaller than that of QDS. This indicates
that the prediction performance of both solutions is more robust
against diverse situations.

7.2 HD-GPR. In this section, we perform a number of nu-
merical simulations to validate the prediction performance of the
proposed HD-GPR algorithm. The experimental setting is same as
Sec. 7.1 but 100 agents are deployed in the field. The support set
U for PITC is uniformly arranged in the field and the number of
supports is 100. Exemplar results using different types of GPR
methods are shown in Fig. 8. From the figure, we can see that full-
GP and PITC give almost the same results.

We first evaluate the prediction error while changing the num-
ber of groups and the result is shown in Fig. 9(a). In particular,
the prediction performance with ten groups shows the best per-
formance. It can be interpreted as follows. If the number of groups
is too big, the distributed mode MAP estimator will not work
properly since the number of agents in a group is not sufficient for

Fig. 6 Convergence of parameters using JOR. The upper and
middle figure indicate C1 and ½B�ð1Þ of agent 1, respectively. The
bottom figure shows the norm of the gradient of x̂, the solution
of the MAP estimator in Eq. (10).

Fig. 7 Convergence of the DAC method. With an increasing
number of iterations, hi from Algorithm 2 of all agents con-
verges. The value of each agent is represented by a different
color.

Table 1 Mean and variance of reconstruction errors of three
algorithms: QDS (quick and dirty solution), MAP–GPR (central-
ized solution), and D-GPR (proposed approach)

Method

QDS MAP–GPR D-GPR

Trial Mean Variance Mean Variance Mean Variance

1 25.93 3.57 21.28 1.60 21.73 2.67
2 59.63 8.64 45.59 3.68 47.54 3.16
3 33.67 10.56 24.11 2.62 25.41 4.18
4 64.52 25.00 42.63 1.74 41.21 2.44
5 45.31 5.25 32.09 2.32 32.80 4.03
6 29.67 5.24 24.65 2.68 24.18 1.66
7 40.37 6.20 32.98 1.65 33.03 2.72
8 29.44 5.00 25.62 2.63 25.15 2.30
9 41.31 12.14 24.09 1.55 23.88 2.12
10 56.96 7.03 42.60 2.38 42.85 2.36
Average 42.59 31.56 31.78
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Fig. 8 Results of different GPR methods. From left to right, we have the reference field, the predicted field using a centralized
GPR (full-GPR) with exact locations, full-GP with noisy locations, D-GPR with noisy locations, PITC with exact locations, PITC
with noisy locations, and HD-GPR with noisy locations. Full-GPR and PITC indicate original GPR and PITC approximation of
GPR, respectively. Excluding the first column, the first row indicates the predicted mean and the second row indicates the pre-
dicted variance of each algorithm.

Fig. 9 (a) Average reconstruction error as a function of the number of groups. (b) Average reconstruction errors of ten
scenarios.

Fig. 10 (a) Average reconstruction errors of ten scenarios. Sensory fields are fixed in each scenario. (b) Average computation
time per agent.
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good estimation. On the other hand, if the number of groups is too
small, due to the high multimodal property of the objective func-
tion and relatively slow convergence speed, the estimated mode is
likely to give poor results. The average reconstruction errors from
HD-GPR and QDS of ten scenarios (over ten independent runs)
are shown in Fig. 9(b). In most cases, HD-GPR outperforms the
quick-and-dirty solution.

Figure 10(a) illustrates the average reconstruction errors of dif-
ferent algorithms, QDS, MAP–GPR, D-GPR, and HD-GPR. In
most cases, the centralized method, MAP–GPR, shows the best
performance followed by two proposed methods, D-GPR and HD-
GPR, which show similar reconstruction errors. Note that we
relaxed the regularity conditions for finding the asymptotic mode
for MAP–GPR and fixed the number of maximum iterations for
finding the mode of the posterior distribution, since the required
computation was too heavy. The average computation times of
different algorithms are shown in Fig. 10(b). As expected, D-GPR
and HD-GPR require less computation time compared to
MAP–GPR and HD-GPR requires less time than D-GPR.

Remark 5. As shown in Fig. 4, when there are 20 agents, there
was virtually no difference between the centralized algorithm and
the distributed algorithm. However, with 100 agents, Fig. 10
shows that there is a performance gap between the centralized
algorithm (MAP–GPR) and distributed algorithms (D-GPR and
HD-GPR). On the other hand, a distributed algorithm requires a
fraction of computation time compared to the centralized
algorithm as shown in Fig. 10(b).

8 Conclusion

In this paper, we have proposed a distributed GPR algorithm
for resource-constrained distributed sensor networks under local-
ization uncertainty and extended it hierarchically for scalability.
Most of the existing regression methods using GPR do not con-
sider the localization uncertainty into its probabilistic framework.
The proposed distributed algorithm can effectively handle local-
ization uncertainty and reduce the computational load for a
resource-constrained distributed sensor network. The performance
of the proposed schemes is verified in numerical simulations
against the quick-and-dirty solution, which is often used in prac-
tice. We have shown that the proposed algorithms outperform the
quick-and-dirty solution and achieve an accuracy comparable to
the centralized solution.
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Appendix: Regularity Conditions

In this section, we review a set of regularity conditions for the
Laplace approximation [20] as well as simple Laplace approxima-
tion proposed in Sec. 4. Let Bd denote the open ball of radius d
centered at x̂, i.e., Bdðx̂aÞ ¼ fx 2 X : jjx� x̂ajj < dg. Let x̂a be
the asymptotic mode of order n�1. The followings are regularity
conditions:

(1) hðxÞ 2 C6

(2)
Ð
X e�nhðxÞdx <1

(3) jj@chðxÞ=@xj1 � � � xjc jj < M 2 R>0, for all x 2 Beðx̂aÞ and
all 1 � j1;…; jc � m with c ¼ 1;…; 6, where x 2 Rm.

(4) r2hðx̂aÞ is positive definite and jr2hðx̂aÞj > n 2 R>0.
(5) Bdðx̂aÞ	X and ðjnr2hðx̂aÞj1=2=Cðx̂aÞÞ

Ð
X�Bdðx̂aÞe

�n½hðxÞ�hðx̂aÞ�

dx¼Oðn�2Þ, for all d for which 0<d<e. where

Cðx̂aÞ¼e
n
2rhðx̂aÞðr2hðx̂aÞÞ�1rðx̂aÞTð Þ.

References
[1] Culler, D., Estrin, D., and Srivastava, M., 2004, “Guest Editors’ Introduction:

Overview of Sensor Networks,” Computer, 7(8), pp. 41–49.
[2] Estrin, D., Culler, D., Pister, K., and Sukhatme, G., 2002, “Connecting the

Physical World With Pervasive Networks,” IEEE Pervasive Comput., 1(1),
pp. 59–69.

[3] Lynch, K., Schwartz, I., Yang, P., and Freeman, R., 2008, “Decentralized Envi-
ronmental Modeling by Mobile Sensor Networks,” IEEE Trans. Rob., 24(3),
pp. 710–724.

[4] Choi, J., Oh, S., and Horowitz, R., 2009, “Distributed Learning and Cooperative
Control for Multi-Agent Systems,” Automatica, 45(12), pp. 2802–2814.

[5] Gu, D., and Hu, H., 2012, “Spatial Gaussian Process Regression With Mobile Sen-
sor Networks,” IEEE Trans. Neural Networks Learn. Syst., 23(8), pp. 1279–1290.

[6] Rasmussen, C., and Williams, C., 2006, Gaussian Processes for Machine
Learning, Vol. 1, MIT, Cambridge, MA.

[7] Choi, J., Lee, J., and Oh, S., 2008, “Swarm Intelligence for Achieving the
Global Maximum Using Spatio-Temporal Gaussian Processes,” Proceedings of
the American Control Conference, Seattle, WA, pp. 135–140.

[8] Xu, Y., Choi, J., and Oh, S., 2011, “Mobile Sensor Network Navigation Using
Gaussian Processes With Truncated Observations,” IEEE Trans. Rob., 27(6),
pp. 1118–1131.

[9] Williams, C., and Seeger, M., 2001, “Using the Nystrom Method to Speed up
Kernel Machines,” Proceedings of the Advances in Neural Information Process-
ing Systems, Vancouver, British Columbia, Canada, pp. 682–688.

[10] Lawrence, N., Seeger, M., and Herbrich, R., 2002, “Fast Sparse Gaussian Process
Methods: The Informative Vector Machine,” Proceedings of the Advances in Neu-
ral Information Processing Systems, Montreal, Quebec, Canada, pp. 609–616.

[11] Qui~nonero-Candela, J., and Rasmussen, C. E., 2005, “A Unifying View of
Sparse Approximate Gaussian Process Regression,” J. Mach. Learn. Res., 6,
pp. 1939–1959.

[12] Chen, J., Low, K. H., Tan, C. K.-Y., Oran, A., Jaillet, P., Dolan, J. M., and
Sukhatme, G. S., 2012, “Decentralized Data Fusion and Active Sensing With
Mobile Sensors for Modeling and Predicting Spatiotemporal Traffic Phenom-
ena,” Proc. of the Conference on Uncertainty in Artificial Intelligence, Catalina
Island, CA, pp. 163–173.

[13] Oguz-Ekim, P., Gomes, J., Xavier, J., and Oliveira, P., 2011, “Robust
Localization of Nodes and Time-Recursive Tracking in Sensor Networks
Using Noisy Range Measurements,” IEEE Trans. Signal Process., 59(8),
pp. 3930–3942.

[14] Karlsson, R., and Gustafsson, F., 2006, “Bayesian Surface and Underwater
Navigation,” IEEE Trans. Signal Process., 54(11), pp. 4204–4213.

[15] Mysorewala, M., Popa, D., and Lewis, F., 2009, “Multi-Scale Adaptive Sam-
pling With Mobile Agents for Mapping of Forest Fires,” J. Intell. Rob. Syst.,
54(4), pp. 535–565.

[16] Jadaliha, M., Xu, Y., Choi, J., Johnson, N., and Li, W., 2013, “Gaussian Process
Regression for Sensor Networks Under Localization Uncertainty,” IEEE Trans.
Signal Process., 61(2), pp. 223–237.

[17] Choi, S., Jadaliha, M., Choi, J., and Oh, S., 2013, “Distributed Gaussian Process
Regression for Mobile Sensor Network Under Localization Uncertainty,” Pro-
ceedings of the IEEE Conference on Decision and Control, Florence, Italy, pp.
4766–4771.

[18] Smola, A., and Bartlett, P., 2001, “Sparse Greedy Gaussian Process
Regression,” Proceedings of the Advances in Neural Information Processing
Systems, Vancouver, British Columbia, Canada.

[19] Tierney, L., and Kadane, J., 1986, “Accurate Approximations for Posterior
Moments and Marginal Densities,” J. Am. Stat. Assoc., 81(393), pp. 82–86.

[20] Tierney, L., Kass, R., and Kadane, J. B., 1989, “Fully Exponential Laplace
Approximations to Expectations and Variances of Nonpositive Functions,” J.
Am. Stat. Assoc., 84(407), pp. 710–716.

[21] Miyata, Y., 2004, “Fully Exponential Laplace Approximations Using Asymp-
totic Modes,” J. Am. Stat. Assoc., 99(468), pp. 1037–1049.

[22] Miyata, Y., 2010, “Laplace Approximations to Means and Variances With As-
ymptotic Modes,” J. Stat. Plann. Inference, 140(2), pp. 382–392.

[23] Bertsekas, D., and Tsitsiklis, J., 1989, Parallel and Distributed Computation:
Numerical Methods, Prentice-Hall, Englewood Cliffs, NJ.

[24] Udwadia, F., 1992, “Some Convergence Results Related to the JOR Iterative
Method for Symmetric, Positive-Definite Matrices,” Appl. Math. Comput.,
47(1), pp. 37–45.

[25] Cort�es, J., 2009, “Distributed Kriged Kalman Filter for Spatial Estimation,”
IEEE Trans. Autom. Control, 54(12), pp. 2816–2827.

[26] Olfati-Saber, R., Fax, J. A., and Murray, R. M., 2007, “Consensus and Coopera-
tion in Networked Multi-Agent Systems,” Proc. IEEE, 95, pp. 215–233.

[27] Olshevsky, A., and Tsitsiklis, J. N., 2009, “Convergence Speed in Distributed
Consensus and Averaging,” SIAM J. Control Optim., 48(1), pp. 33–55.

[28] Kempe, D., and McSherry, F., 2008, “A Decentralized Algorithm for Spectral
Analysis,” J. Comput. Syst. Sci., 74(1), pp. 70–83.

[29] Forero, P. A., Cano, A., and Giannakis, G. B., 2008, “Consensus-Based k-
Means Algorithm for Distributed Learning Using Wireless Sensor Networks,”
Proceedings of the Workshop on Sensors, Signal and Info. Process., Sedona,
AZ, pp. 11–14.

[30] Forero, P. A., Cano, A., and Giannakis, G. B., 2010, “Convergence Analysis of
Consensus-Based Distributed Clustering,” IEEE International Conference on
Acoustics Speech and Signal Processing (ICASSP), Dallas, TX, pp. 1890–1893.

[31] Choi, S., Jadaliha, M., Choi, J., and Oh, S., “Distributed Gaussian Process
Regression Under Localization Uncertainty (Longer Version),” Technical
Report No. 2014-04-1.

Journal of Dynamic Systems, Measurement, and Control MARCH 2015, Vol. 137 / 031002-11

Downloaded From: http://dynamicsystems.asmedigitalcollection.asme.org/ on 11/14/2014 Terms of Use: http://asme.org/terms

http://dx.doi.org/10.1109/MC.2004.93
http://dx.doi.org/10.1109/MPRV.2002.993145
http://dx.doi.org/10.1109/TRO.2008.921567
http://dx.doi.org/10.1016/j.automatica.2009.09.025
http://dx.doi.org/10.1109/TRO.2011.2162766
http://dx.doi.org/10.1109/TSP.2011.2153848
http://dx.doi.org/10.1109/TSP.2006.881176
http://dx.doi.org/10.1007/s10846-008-9246-1
http://dx.doi.org/10.1109/TSP.2012.2223695
http://dx.doi.org/10.1109/TSP.2012.2223695
http://dx.doi.org/10.1080/01621459.1986.10478240
http://dx.doi.org/10.1080/01621459.1989.10478824
http://dx.doi.org/10.1080/01621459.1989.10478824
http://dx.doi.org/10.1198/016214504000001673
http://dx.doi.org/10.1016/j.jspi.2009.06.015
http://dx.doi.org/10.1016/0096-3003(92)90063-7
http://dx.doi.org/10.1109/TAC.2009.2034192
http://dx.doi.org/10.1109/JPROC.2006.887293
http://dx.doi.org/10.1137/060678324
http://dx.doi.org/10.1016/j.jcss.2007.04.014

	s1
	cor1
	l
	s2
	E1
	E2
	E3
	E4
	E5
	E6
	E7
	s3
	E8
	E9
	s4
	E10
	E11
	E12
	E13
	UE1
	s5
	E14
	UE2
	UE3
	s5A
	E15
	s5B
	E16
	E17
	E18
	s5C
	E19
	E20
	E21
	UE4
	E22
	E23
	UE5
	UE6
	E24
	E25
	R1
	s5D
	E26
	E27
	E28
	E29
	E30
	E31
	E32
	R2
	s6
	E33
	s6A
	s6B
	E34
	E35
	F1
	F2
	E36
	E37
	E38
	E39
	E40
	E41
	E42
	E43
	E44
	s6C
	F3
	F4
	R3
	s7
	s7A
	F5
	E45
	s7B
	F6
	F7
	T1
	F8
	F9
	F10
	s8
	APP1
	B1
	B2
	B3
	B4
	B5
	B6
	B7
	B8
	B9
	B10
	B11
	B12
	B13
	B14
	B15
	B16
	B17
	B18
	B19
	B20
	B21
	B22
	B23
	B24
	B25
	B26
	B27
	B28
	B29
	B30
	B31

